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Abstract 
Bergeron, F., G. Labelle and P. Leroux, Computation of the expected number of leaves in a tree 
having a given automorphism, and related topics, Discrete Applied Mathematics 34 (1991) 49-66. 
We derive explicit formulas for the expected number of leaves in a random rooted tree that is 
fixed by a given permutation of the nodes, and similarly for (unrooted) trees and endofunctions. 
The main tool is the cycle index series of a species. The cases of asymmetric rooted trees and R- 
enriched trees and rooted trees are also discussed. 
Introduction 
The framework of this paper is the theory of species introduced by Joyal (see 
[lo]). Among the various proposed approaches for the combinatorial interpretation 
of generating functions and their operations (Bender and Goldman [I], Doubilet, 
Rota and Stanley [7], Foata and Schtitzenberger [8], Goulden and Jackson [9], 
Polya and Read [ 191, Robinson 1201, . . . ), the theory of species unifies, in the context 
of families of actions of the symmetric groups, the study of labelled as well as 
unlabelled structures. 
For example, let ._(x) (respectively A(x)) be the exponential generating functions 
for labelled trees (respectively labelled rooted trees), and t(x) (respectively T(x)) be 
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the ordinary generating functions for unlabelled trees (respectively unlabelled 
rooted trees). Then the relationship 
d(x) = A(X) - &42(x) 
and Otter’s formula 
(0.1) 
C(x) = T(x) + +(2(x2> - P(X)) 
are bofh consequences of the following singfe isomorphism of species 
(0.2) 
&+A2 =A +E,(A) (0.3) 
(see [16,20]) where v$, A and E2 are the species of trees, rooted trees and 2-element 
sets. In fact, (0.1) follows directly from (0.3) by passing to exponential generating 
functions whereas (0.2) is deduced from (0.3) through the use of cycle index series. 
This gives 
(Z,+Z,)(x,,x2 )... )=Z,(x,,x, )... )++(Z,2(x1,x2 ,... )+Z,(x,,x, ,... )>. (0.4) 
Thus 
Z&*,x, ,... )=Z,(x,,x, ,... )+HZ,C%,xq ,... )--q&d2 ,... )I, (0.5) 
and the substitutions xi=xi (i= 1,2, . . . ) yield (0.2). This example illustrates one of 
the crucial aspects of this theory: a combinatorial equation (i.e., natural isomor- 
phism of species) characterizing a given species readily permits the computation of 
its associated cycle index series. 
We recall the basic definitions from the theory of species in Section 1. In Section 
2, we establish combinatorial equations relating labelled rooted trees (respectively 
labelled trees, endofunctions) on n nodes with labelled rooted trees (respectively 
labelled trees, endofunctions) with n-k internal nodes and k leaves (external 
points), 0 I kl n < 03. From these combinatorial equations and their corresponding 
cycle index series equations, we then derive explicit formulas for the expected 
number of leaves in random trees, rooted trees and endofunctions on n nodes which 
are fixed by a given permutation of these nodes. Asymmetric trees and rooted trees 
are also considered. In Section 3, we briefly indicate how to obtain similar statistics 
in the more general context of enriched trees and rooted trees. Finally, Section 4 
contains tables illustrating some of the results for structures on (underlying) sets of 
cardinality 19. These tables can be easily extended to larger cardinalities. 
1. Basic definitions from the theory of species 
The algebra of species of structures has been introduced by Joyal [lo] as a 
theoretical foundation for enumerative combinatorics. A species of structures is a 
functor from the category of finite sets, with bijections as morphisms, into itself. 
This means that a species (of structures), F, is characterized by a rule that associates 
to any finite set U a finite set F[U] whose elements are said to be the structures of 
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species F on the underlying set U (also called the F-structures on I/). Moreover, to 
any bijectionf: CJ-, V, F must associate a bijection F[f] : F[U] -+ F[V] in a func- 
torial way, i.e., in such a manner that for all U, FIIdu] = Id,,,,, and for all com- 
positionsfog offand g, F[fog] =F[f]oF[g]. We shall say that F[f] is the transport 
of F-structures along the bijection f. 
Finally, two species F and G are said to be isomorphic if there exists a family of 
bijections et, : F[U] -+ G[U] (one for each finite set U) compatible with the 
transport of structures, i.e., satisfying the naturality conditions 
WFLf1 = GLf1% (1.1) 
for all bijections f : U- I/. Let us emphasize the fact that the existence of an 
isomorphism between two species F and G automatically implies the equality of 
their associated series (generating series, cycle index series, etc.). The definition of 
these series is recalled below. We shall often simply write F= G, when F and G are 
isomorphic. Such an equality is called a combinatorial equation. 
One defines species on several sorts of points and species of weighted structures 
in a similar manner (see [6,10,11,15,16]). For example, a species H on two sorts (of 
points) is a rule that associates to every pair of finite sets (U,, U,) a finite set 
H[U,, U,] and a corresponding functorial transport of structures H[f,, f2] to every 
pair of bijections (f,, fi), where fi : Ui+ Vi, i= 1,2. 
We often represent a typical element of F[ U] by a picture such as shown in Fig. 1. 
Here the arc represents a generic F-structure on the set U. 
The exponential generating series of a species F, denoted F(x), is the formal 
power series 
F(x)= i f,x 
n=~ n! 
(1.2) 
where f, is the number of F-structures (or their total weight) on any set U of car- 
dinality n. 
Examples. The structures belonging to a few simple species on a finite set U are 
described below and the corresponding generating series is given. 
E[Ul= (U>, E(x) = ex, 
L[U]=(rJr:{l,2,..., #U> + U, and T is a bijection), L(x)=(l-x)-i, 
Fig. 1. 
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Fig. 2. 
S[U] = {o 1 o: U+ U, and cr is a bijection}, S(x)=(l-x))‘, 
if #U-l, 
otherwise, 
if #U=O, 
otherwise, 
X(x)=x, 
l(x)= 1, 
O[U] =0, O(x) = 0. 
For obvious reasons the following standard terminology is used: E is the species of 
sets, L is the species of linear orders, S is the species of permutations, X is the species 
of singletons, 1 is the species of the empty set, 0 is the empty species. The transport 
of structures for the species L and S is given by L[f](s) =f oz and S[f](o) = 
fwof-’ (forth e species E, X, 1, 0, the transport of structures is trivial). 
We recall some fundamental operations on species. Given two species F and G, 
the new species F+ G, FG and F(G) are defined by describing their effect on an ar- 
bitrary finite set U (in each case, the description of the transport of structures is easy 
and left to the reader): 
(a) (F+G)[U]=F[U]+G[U], here, “+” means disjoint union of F[U] and 
G[ U]. Thus an (F+ G)-structure on U is either an F-structure on U or a G- 
structure on U. 
(c) 
(b) (FG)[U] = C F[U,] x G[U,] where the summation is over the set of pairs 
(U,, U,) of complementary subsets of U. A typical (FG)-structure is 
represented by Fig. 2. 
F(G)[U] is the set of all structures which are obtained in the following way 
(assuming that G[0] = 0): 
(i) First select a partition rr of the set U. 
(ii) Then for each block p E n, select a G-structure on p. 
(iii) Finally, select an F-structure on the set n of parts. 
Thus a typical F(G)-structure might be represented by a picture such as Fig. 3. 
These operations on species are easily seen to be compatible with the correspond- 
ing operations on their generating series: 
(F+ G)(x) = F(x) + G(x), (FG)(x) = F(x)G(x), F(G)(x) = F(G(x)). (1.3) 
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Fig. 3. 
Let us illustrate the above definitions by studying the solution of the com- 
binatorial equation 
A =X./?(A) (1.4) 
where E denotes the species of all (finite) sets defined above. Equation (1.4) states 
that an A-structure on a set U is characterized by the selection of a point to which 
is “attached” a set of disjoint A-structures, such as represented in Fig. 4. Unfolding 
this implicit recursion, we conclude that an A-structure on U is a rooted tree with 
vertex set U. 
The cycle index series Z, of a species F is defined to be the series: 
(1.5) 
where, for each permutation o, the coefficient f, denotes the number of F- 
structures (or their total weight) for which o is an automorphism. Here, the oi 
(1 I is n) respectively denote the number of cycles of length i in the cyclic decom- 
position of o. There are 
n! 
F (where a? = l”‘crl ! 2g2~2 ! 3”‘~s ! -..) (1 .f5) 
permutations which have the same cyclic type as o. All the terms of (1.5) cor- 
responding to these permutations can be grouped together yielding an alternate 
form for Z,, namely: 
Z,(X,,XZ,Xj ,... )= c c +x;lxpxp... . 
n>O (1,+2u2+‘.‘=n CJ. 
(1.7) 
(A = 
1 
Fig. 4. 
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Once again we have compatibility (see [lo]), 
-G+G=-G+ZG, z,,=z,z,, Z F(G) = zFozG* (1.8) 
Here addition and multiplication of cycle index series are defined as usual but the 
operation “0”) known as plethystic substitution (or plethysm), is defined as follows. 
Theplethysm ZFoZG of the two series Z,=~(X,,X~,X~,...) and ZG=~(X~,X~,X~,...) 
is the series f(g,, g,, g3, . . . ), where g,(xt, x2, x3, . . . ) = g(xk, XZ~, x3k, . . . >. In the com- 
putation of gk(xirx2,x3, . . . ), s p ecial care must be taken when G is a weighted 
species: one must raise to the power k the weight function for G-structures before 
substituting (x,,xZkrx3k, . . . ) for (x1,x2,x3, . . . ) (see [6,16] for more information on 
this point). It is easy to check that the cycle index series of the species X, E, L and 
S are given by the formulas 
1 1 
z,=- 
l-x,’ 
zs= I-I -. (1.9) 
k>l l-x, 
Finally, given a species F, we say that two F-structures si and s2 on a set U are 
isomorphic if there exists a permutation 0: U-+ U such that F[a](s,) =s2. The 
isomorphism types (i.e., isomorphism classes) of F-structures correspond to the 
classical notion of unlabelled structures. The isomorphism types generating series 
of F is defined by 
ox> =npxn (1.10) 
wherefn denotes the number (or the total weight) of the distinct isomorphism types 
of F-structures on a set of cardinality n. One of the basic facts of the theory is that: 
F(x)=Z,(x,x2,x3 ,... ), (1.11) 
i.e., the isomorphism types generating series can be derived from the cycle index 
series, even though they are not easy to obtain directly in general. Note also the 
special substitution in the cycle index series 
F(x) = Z,(x, 0, 0, . . . ) (1.12) 
giving the exponential generating series of the (labelled) F-structures. Clearly, all 
these definitions extend to species of structures on several sorts of points. Some use 
will also be made of the theory of virtual species, i.e., formal differences of species 
(see [11,16]). This theory extends previous work of Polya and Read [19], Robinson 
[20], etc. 
2. Main results 
The basic idea in this section is that one obtains immediately an identity for the 
cycle index series of a species out of a combinatorial equation. If the combinatorial 
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equation in question is “nice” enough, the computation of the cycle index series will 
be simplified. We illustrate this with the species 
l A =A@) of rooted trees, and 
l B = B(X, Y) of rooted trees with internal points of sort X and leaves of sort Y. 
Note that B is a species on two sorts of points: X and Y. We have already observed 
that the species A is characterized by the functional equation (1.4). A similar 
characterization for the species B = B(X, Y) (and also a precise definition) is given 
by 
B= Y+X.E*(B), 
where E * = E - 1 stands for the species characteristic of nonempty sets. 
(2.1) 
The computation of the cycle index series for B, out of equation (2.1), can be 
done recursively. However, the following proposition establishes a useful relation- 
ship between the species A and B which will render this computation much more 
explicit, since the number of rooted trees which are fixed by a permutation CJ has 
been shown in [13] (see also [5]) to have the following closed explicit form when 
(3, #o: 
a,+- kQ1 box)? - /~o,(o~)~~‘~ , where (ok>i = $k dad. (2.2) 
In (2.2), ok=croao ...oo is the kth iterate of o and (ak)i stands for the number of 
fixed points in ok. In the case when o1 = 0 we trivially have a, = 0. 
Proposition 1. The species A = A(X) and B = B(X, Y) are related by the following 
combinatorial equation 
B(X,X+ T) = T+A(X. E(T)), 
where T denotes an auxiliary sort of singletons. 
(2.3) 
Proof. Let the singletons of sorts X and T be graphically represented by black dots 
and white squares respectively, as in Fig. 5. The species B(X,X+ T) is obtained 
\ / \ 
B(X, x+n T + A(X.E(T)) 
Fig. 5. 
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from the species B(X, Y) by substituting X+ T for Y. The left-hand side of Fig. 5 
shows a typical &X,X+ T)-structure. It is obtained by replacing each leaf of a 
B(X, Y)-structure by a (X+ T)-structure, that is, by either a black dot or a white 
square. The right-hand side of Fig. 5 shows that such a structure corresponds, bijec- 
tively and in a natural way, to a (T+A(X. E(T)))-structure. Details are left to the 
reader. q 
Hence the series for B can be computed in terms of the series for A. Let us now 
consider the cycle index series of rooted trees with a marker t for leaves. We shall 
denote A, the species of weighted rooted trees, with weight w(a)=t”@) for a 
rooted tree a with A(a) leaves. Then, by definition 
where 
Z&(X~,X2,X~, . ..) = c c a,(t) a,xyxpxp... ,
nzo u,+2o*+~.~=n . 
(2.4) 
a,(t)= i ak,,tk. 
k=O 
(2.5) 
Here a@ is the number of rooted trees having k leaves for which the permutation 
o (of type (on 9, . . . , a,)) is an automorphism. Note that A,(X) = B(X,X,), where 
X, is the species of singletons of sort X with weight t. Hence, making the (virtual) 
substitution T :=X[ - X in the combinatorial equation (2.3) of Proposition 1, we 
deduce the following fundamental relationship between the species A(X) and 
&(X): 
&(X)=X,-X+A(X*E(X,-X)). (2.6) 
Taking the cycle index series of both sides of (2.6) we obtain the identity 
.zAw = (t - 1)Xi 
(tk- l)xk 
x1 exp C k , x2ew C 
kzl kzl 
(2.7) 
As a consequence of this, we compute the exact value of the expected number of 
leaves in random rooted trees having a given automorphism: 
Proposition 2. Let I/ be an n-set, rs be a permutation of (I whose cyclic type is 
(a1,o2, ..*, a,,) and P = {k 1 1 i k I n, ok #O}. Then the expected number of leaves 
in a random rooted tree on Ufor which a is an automorphism is given by 1 if n = 1, 
and by 
(2.8) 
if n f 1 and a, # 0, where a, and (ak), are given by (2.2) and a - Jk denotes a per- 
mutation obtained from a by dropping out one (arbitrary) k-cycle (i.e., the cyclic 
type of a-ak is given by (aI )..., ok-1 ,..., a,)). 
Proof. This expected number is clearly the quotient of b, = C”,= I kak,, (see (2.5) 
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above) by the total number LI, of rooted trees kept fixed by o. But b, is the coeffi- 
cient of xf’xp ... $“/a ? in 13/dt(Z,~ 1 Ix 1). Now, this last derivative can be written 
as 
xI + c 
( > 
azA 
c xnk kxk ~ 
axk ’ k>l nzl 
(2.9) 
The result follows upon isolating the coefficient b, in (2.9). 0 
Note that if a,, = 0, then (2.8) is undefined since it takes the form O/O. Note also 
that o = id” (the identity permutation on U) is an automorphism of every rooted 
tree on U. Taking this particular o in Proposition 2, we obtain as a corollary the 
well-known result (see [18]) that the expected number of leaves in a random rooted 
tree on n vertices is given by 
n.(n-l)“-l/n”-’ (-n/e as n-+03). (2.10) 
Of course, many other specializations of (2.8) are possible. For example, if (T has 
a cyclic type of the form (n - 2,1,0,. . . , 0), then the corresponding expected value 
turns out to be 
(n-2)(n-3)“2+2(n-2)“-2=(n-3)“-2+2 
(n -2)*-* (n-2)“_3 . 
(2.11) 
Also, by averaging numerator and denominator in (2.8) over all o E S [n], one could 
derive an explicit formula for the expected number of leaves in a random unlabelled 
rooted tree. 
We now extend the above results to the related species of trees and of endofunc- 
tions (functions from a set into itself). Let us introduce the following notations 
l d=.&(X) is the species of trees, 
l .%I =.%3(X, Y) is the species of trees with internal points of sort X, and leaves 
of sort Y, 
l 8 = E(X) is the species of endofunctions, 
l @=9(X, Y) is the species of endofunctions with internal points of sort X, and 
external points (i.e., points with empty preimage) of sort Y. 
Using an approach similar to that of Proposition 1, one can show that 
Proposition 3. The species J, 557 (respectively &, lF5) are related by the corn- 
binatorial equations 
.53(x,X+ T)= T+E,(T)+&d(X* E(T)), 
9(X,X+ T)=f??(X.E(T)), 
where E2 denotes the species of sets of cardinality two. 
(2.12) 
(2.13) 
Putting a weight t on each leaf (respectively external point) of &structures 
(respectively &-structures), we get the corresponding weighted species .&w =&,,,(X) 
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(respectively E,=&,(X)). Substituting now X,-X for T in (2.12) and (2.13) we 
obtain 
~W(X)=Xt-X+E~(XI-X)+~(X~E(X,-X)), (2.14) 
&,(X)=&(X*E(X,-X)). (2.15) 
The interest of these formulas lies in the fact that the cycle index series of & 
and & are known explicitely and can be described as follows. The coefficient a, of 
xp’x; ... ~,““/a ? in 2, is given by 
ao= 
I 
a,/oi , if aif0, 
2-1+o*+a4+as+“‘a 
~2,~4,~6.~~~ ’
ifO=a,=~3=~5=..., (2.16) 
0, otherwise, 
where a,, is the corresponding coefficient for rooted trees given by (2.2). A direct 
combinatorial proof of this formula for a, can be found in [5]. It can also be 
deduced from the following combinatorial equation, already mentioned in the in- 
troduction, which relates the species d to the species A, 
dd+A2=A +E,(A). (2.17) 
The coefficient e, of xf’xp ~1. x?/o? in Z, has a simpler form given by (see 
113951) 
e,= fi (ok)?, (2.18) 
k=l 
where (ak)i is given by (2.2). 
Proposition 4. Let U be an n-set, o be a permutation of U whose cyclic type is 
(cJl,~Z, ***> a,) and P = {k 1 1 I k I n, ok # 0} . Then the expected number of leaves 
in a random tree on U for which o is an automorphism is given by 1 if n = 1, by 
2 if n = 2 and (o,, 02) = (0, l), and otherwise, if a, # 0, by 
where a, and (ok), are given by (2.16) and (2.2). Moreover, the expected number 
of external points in a random endofunction on U for which o is an automorphism 
is given by 
f*4bkok.((oh)l-k).e,-~~, (2.20) 
0 
where e, and (ak), are given by (2.18) and (2.2). In the above formulas, o- ak 
denotes apermutation obtainedfrom u by dropping out one (arbitrary) k-cycle (i.e., 
the cyclic type of CT - ak is given by (a,, . . . , ok - 1, . . . , u,)). 
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Proof. Take the cycle index series of both sides of equations (2.14) and (2.19, 
making use of the fact that 
z,,=*xT++xz. (2.21) 
Then take the derivatives with respect to t and put t = 1 as in the proof of Proposi- 
tion 2. 0 
There is another interesting generating series for species, namely the asymmetry 
index series J”(xI,x2,x3, . . . ) (introduced in [14]). Without going into the details of 
its definition, let us recall the crucial properties of this series. As we shall see, the 
knowledge of these properties and of basic asymmetry index series are sufficient for 
our purpose. For species F and G, one has 
r.+G=rF+rC, rFG=rFrG9 r F(G) =rForG. (2.22) 
As before, the composition on the right-hand side of this last equality is plethysm. 
For example, it is known that 
rx=x,, 
1 r,=- l-x, 
l-x,’ 
r,=- 
l-x,’ 
(2.23) 
The important fact is that, given any species F, 
P(x)=rF(x,x2 ,..., x” )... ), 
where P(x) denotes the asymmetry types generating series 
P(x)= c f,xn 
?I>0 
(2.24) 
(2.25) 
whose general coefficient f, is the number of isomorphism types of asymmetric 
structures (i.e., structures that admit only the identity permutation as automor- 
phism) on a set of cardinality n. 
With these definitions at hand, we can now state our next result. 
Proposition 5. The expected number of leaves in a random asymmetric rooted tree 
on n points is the quotient A,,/q where 1, is the coefficient of x” in the series 
(2.26) 
and & is the coefficient of x” in the asymmetry generating series for the species A. 
Proof. The proof is similar to that of Proposition 2. It follows from formula (2.6) 
that 
rAw = (t - 1)x, + r, x1 exp C (-l)k-l(tk-l)Xk 
k>l k ’ 
x2ev C 
(-l)k-1(t2k- l)$k 
,... . 
k>l k > 
(2.27) 
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Substituting xk for xk, we obtain 
( 
1 + tx 1+ t2x2 
A,(x)=(t-l)x+I-“ x-,x2- 
1+x 1+x2 ‘... > 
. 
(2.28) 
By taking derivative with respect to t we get the desired expression. 0 
Two results are related to this last proposition. First, the following explicit for- 
mula for the coefficient &0 of xf’xp .a. ~,““/a ? in I’,, can be found in [ 141: 
(2.29) 
where &=zdlk (-1) (k’d)-‘dod (note that a, =0 if cri =O). On the other hand, an 
asymptotic value for the number of leaves in a random asymmetric rooted tree on 
n points (as n goes to m) appears in [ 171. Note that one may also extend Proposition 
5 to the case of random asymmetric trees and endofunctions by making use of 
(weighted) versions of (2.17), (2.22)-(2.24) and the fact that 
&,=S(A,). (2.30) 
3. Extensions 
We now briefly indicate how similar statistics may be studied for other families 
of trees (and endofunctions). Let R= R(X) be a given species and consider the 
species AR=AR(X) recursively defined by the functional equation 
A, =X0 R(A,). (3.1) 
The existence and uniqueness of a solution to this equation is guaranteed by the im- 
plicit species theorem (see [lo]). A structure of species A, is a rooted tree structure 
with an R-structure on the set of sons of each of its nodes. Such structures are called 
[ 10,121 R-enriched rooted trees. Note that equation (3.1) is a generalization of (1.4) 
above. Indeed, taking R =E in (3.1) gives the species A,=A of (ordinary) rooted 
trees. Other instances of R-enriched rooted trees include binary (R =X2), planar 
(R = L), oriented (R = E 2), and homeomorphically irreducible (R = E - X) rooted 
trees. We shall assume that there is only one R-structure on the empty set. The 
associated species RR = R&X, Y) of R-enriched rooted trees with internal nodes of 
sort X and external nodes of sort Y is specified by the combinatorial equation 
B,= Y+X. R*(B,), (3.2) 
where R*= R-l stands for the species R restricted to nonempty sets. Note that 
equation (3.2) is a generalization of (2.1) above and that putting a weight t on each 
leaf of the AR-structures gives rise to the weighted species A,,,, = A&X) 
satisfying 
AR.~=BR(X,X,)=X,+X.R*(A~,,) (3.3) 
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where X, is the species of singletons of weight t. Taking the cycle index of (3.3) and 
differentiating with respect to t enables one to compute, in a recursive manner, the 
expected number of leaves in a random R-enriched rooted tree having a given 
automorphism. In certain cases (i.e., for certain choices of the species R), more ex- 
plicit expressions for these expected values can be obtained by making use of 03- 
dimensional inversion formulas as in [13]. Note that an analogue of formula (2.3) 
of Proposition 1 does not seem to exist in the R-enriched context. 
However, the following alternate method can be used to give explicit expressions 
for other statistics about leaves in the general R-enriched context: Consider the 
species C, = C,(X) of R-enriched rooted trees with a distinguished leaf defined by 
CR=B;ylyY:+ (3.4) 
Here, for a species on two sorts H=H(X, Y), WY denotes the species defined on 
couples (U,, U,) of finites sets by 
H l Y [U,, rr,l = WU,, u21 x U2. (3.5) 
In the same vein, for a species F’=&‘(X), F’ is the species such that F’[U] = 
F[U] x U, and F’is the derivative (defined as F’[U] =F[U+ {U}]) of the species F. 
The operation (-)’ (respectively (-)‘) is called pointing (respectively derivation) and 
it corresponds to the operator x. a/ax (respectively a/ax) on generating power 
series, and to the operator xl . a/&x, (respectively a/ax,) on cycle index series. The 
following simple relation holds between the species C, and A,: 
Proposition 6. The species CR = C,(X) is related to the species A, = AR(X) by the 
combinatorial equation 
CRAR=XA;. (3.6) 
The cycle index series of C, is given explicitly in terms of that of A, by the follow- 
ing formula 
(3.7) 
Proof. The essence of the proof lies in the bijection illustrated in Fig. 6. Cl 
Similar studies can be made in the context of R-enriched trees. These are trees for 
which there is an R-structure on the set of nodes incident to each given node [ 10,121. 
The species dR of such trees is related to the species A,, of R’-enriched rooted trees 
in the following way: 
dR+ (AR,)2 = (SeR)‘+E2(AR,). (3.8) 
Equation (3.8) is a generalization of equation (0.3) and the argument is similar (it 
involves a case study of the position of a distinguished edge or node relative to the 
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Fig. 6. 
center of a tree). For the species B3, = Ba,(X, Y) of R-enriched trees with internal 
points of type X and external points of type Y, one obtains a combinatorial equation 
analogous to (3.8): 
aR+(BR,)2=(~~)‘X+E2(BR,)+ Ye,,. (3.9) 
From formula (3.9) we can easily derive the corresponding identity for the cycle in- 
dex series for the species .?BQR= BR(X, Y) and for the weighted species JR,,,= 
dR,,(X) of R-enriched trees with a weight t on each leaf. 
4. Tables 
The following tables illustrate some of our results for structures with small 
underlying cardinalities. 
Table 1 has been obtained by a straightforward implementation of the formulas 
contained in Propositions 2 and 4 in the Maple [4] symbolic manipulation system. 
It gives the expected number of leaves, given a permutation O, for rooted trees 
(x,), trees (yO), and endofunctions (z,), in the following format 
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Table 1. The expected number of leaves, given 0, 
for rooted trees. trees and endofunctions 
[I 
undef. undef. 0.0000 
[II 
1.0000 1.0000 0.0000 
[2,01 
1.0000 2.0000 0.5000 
LO,11 
undef. 2.0000 0.0000 
13,0,01 
1.3333 2.0000 0.8889 
[1,1,01 
2.0000 2.0000 0.6667 
[O,O,ll 
undef. undef. 0.0000 
[4,0,0,01 
1.6875 2.2500 1.2656 
[2,1,0,01 
2.5000 3.0000 1.3750 
[l,O,l,Ol 
3.0000 3.0000 .75000 
10,2,0,01 
undef. 2.0000 1.0000 
[0,0,0,11 
undef. undef. 0.0000 
~~,0,0,0,01 
2.0480 2.5600 1.6384 
[3,1,0,0,01 r1,1,0,1,0,0,01 ~o,l,o,o,o,l,o,ol ~l,0,0,0,0,0,0,l,01 
2.8889 3.3333 1.9111 4.6667 4.6667 2.1905 undef. 6.0000 1.5000 8.0000 8.0000 0.8889 
1~,0,1,0,01 11,0,2,0,0,0,01 
3.5000 4.0000 1.6000 3.4286 3.4286 1.9592 
11,2,0,0,01 [1,0,0,0,0,1,01 
2.4000 2.4000 1.4400 6.0000 6.0000 .85714 
11,0,0,1,01 
4.0000 4.0000 0.8000 
[0,1,1,0,01 
undef. undef. 0.0000 
[0,0,0,0,11 
undef. undef. 0.0000 
[6,0,0,0,0,01 
2.4113 2.8935 2.0094 
~4,l,0,0,0,01 
3.2656 3.6875 2.3880 
13,0,1,0,0,01 
3.8889 4.3333 2.2407 
~~,~,0,0,0,01 
3.0833 3.5000 2.1250 
L~,0,0,1,0,01 
4.5000 5.0000 1.7500 
[1,1,1,0,0,01 [4,0,0,1,0,0,0,01 13,3,0,0,0,0,0,0,01 
5.0000 5.0000 1.4167 5.2656 5.6875 3.1074 4.3320 4.6831 3.4473 
[1,0,0,0,1,01 
5.0000 5.0000 0.8333 
[0,3,0,0,0,01 
undef. 2.6667 1.7778 
[0,1,0,1,0,01 
undef. 4.0000 1.3333 
10,0,2,0,0,01 
undef. undef. 1.5000 
[0,0,0,0,0,11 
undef. undef. 0.0000 
[7,0,0,0,0,0,01 
2.7760 3.2387 2.3794 
~~,1,0,0,0,0,01 
3.6384 4.0480 2.8329 
[4,0,1,0,0,0,01 
4.2656 4.6875 2.7991 
~3,2,0,0,0,0,01 
3.6190 4.0000 2.6939 
[3,0,0,1,0,0,01 
4.8889 5.3333 2.4762 
I~,l,l,0,0,0,01 
5.25,OO 5.5000 2.5000 
[~,0,0,0,l,0,01 
5.5000 6.0000 1.8571 
11,3,0,0,0,0,01 
3.0612 3.0612 2.1866 
[0,2,1,0,0,0,01 
undef. undef. 1.0000 
~0,1,0,0,1,0,01 
undef. undef. o.oooc 
[0,0,1,1,0,0,01 
undef. undef. o.oooc 
[0,0,0,0,0,0,11 
undef. under. o.oooc 
[~,0,0,0,0,0,0,01 
3.1416 3.5904 2.7489 
4.0094 4.4113 3.2582 
1~,0,l,0,0,0,0,01 [4,1,1,0,0,0,0,0,01 
4.6384 5.0480 3.3086 5.9492 6.2656 3.9516 
~4,2,0,0,0,0,0,01 [4,0,0,0,1,0,0,0,01 
4.1074 4.4766 3.2190 6.2656 6.6875 3.3472 
[3,1,1,0,0,0,0,01 
5.5926 5.8889 3.2926 
[3,0,0,0,1,0,0,01 
5.8889 6.3333 2.6528 
~2,3,0,0,0,0,0,01 
3.7578 4.1406 2.8662 
12,1,0,1,0,0,0,01 
5.3750 5.7500 3.0781 
[2,0,2,0,0,0,0,01 
4.1875 4.6250 2.7266 
[2,0,0,0,0,1,0,01 
6.5000 7.0000 1.9375 
[1,2,1,0,0,0,0,01 
5.4000 5.4000 2.1900 
r1,1,0,0,1,0,0,01 
7.0000 7.0000 1.5000 
[1,0,1,1,0,0,0,01 
7.0000 7.0000 1.5500 
[1,0,0,0,0,0,1,01 
7.0000 7.0000 0.8750 
10,4,0,0,0,0,0,01 
undef. 3.3750 2.5313 
[0,2,0,1,0,0,0,01 
undef. 5.0000 2.7500 
[0,1,2,0,0,0,0,01 
undef. undef. 1.5000 
[0,0,1,0,1,0,0,01 
undef. undef. 0.0000 
to,o,o,~,o,o,o,ol 
undef. undef. 2.0000 
[0,0,0,0,0,0,0,11 
undef. undef. 0.0000 
~9,0,0,0,0,0,0,0,01 
3.5077 3.9462 3.118C 
[7,1,0,0,0,0,0,0,01 
4.3794 4.7760 3.6706 
16,0,1,0,0,0,0,0,01 
5.0094 5.4113 3.7861 
15,2,0,0,0,0,0,0,01 
4.5675 4.9316 3.7143 
[~,0,0,1,0,0,0,0,01 
5.6384 6.0480 3.6786 
[3,1,0,1,0,0,0,0,01 
5.9111 6.2667 3.7877 
r3,0,2,0,0,0,0,0,01 
4.7901 5.1852 3.3690 
[3,0,0,0,0,1,0,0,01 
6.8889 7.3333 2.7901 
[2,2,1,0,0,0,0,0,01 
5.8750 6.0833 3.2556 
t2,l,o,o,l,o,o,o,ol 
7.2500 7.5000 2.7500 
[2,0,1,1,0,0,0,0,01 
7.2500 7.5000 2.8667 
[2,0,0,0,0,0,1,0,01 
7.5000 8.0000 2.0000 
[1,4,0,0,0,0,0,0,01 
3.7641 3.7641 2.9276 
[1,2,0,1,0,0,0,0,01 
5.4400 5.4400 3.3422 
1l,l,2,0,0,0,0,0,01 
5.4286 5.4286 2.6259 
[1,1,0,0,0,1,0,0,01 
6.6667 6.6667 2.5185 
[1,0,1,0,1,0,0,0,01 
8.0000 8.0000 1.5833 
[1,0,0,2,0,0,0,0,01 
4.4444 4.4444 2.4691 
10,3,1,0,0,0,0,0,01 
undef. undef. 1.7778 
[0,2,0,0,1,0,0,0,01 
undef. undef. 1.0000 
10,1,1,1,0,0,0,0,01 
undef. undef. 1.3333 
r0,1,0,0,0,0,1,0,01 
undef. undef. o.oooc 
I0,0,3,0,0,0,0,0,01 
undef. undef. 2.6667 
10,0,l,0,0,l,0,0,01 
undef. undef. 2.oooc 
[0,0,0,1,1,0,0,0,01 
undef. undef. 0.0000 
10,0,0,0,0,0,0,0,1l 
undef. undef. 0.0000 
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Table 2. The coefficients of the cycle index and the asymmetry index series 
of the species of rooted trees 
[I 
0 0 
[II 
1 1 
[2,01 
2 2 
IO,11 
0 0 
[3,0,01 
9 9 
[1,1,01 
1 -1 
[O,O,ll 
0 0 
[4,0,0,01 
64 64 
[2,1,0,01 
4 -4 
[l,O,l,Ol 
1 1 
[0,2,0,01 
0 0 
[0,0,0,11 
0 0 
[5,0,0,0,01 [1,3,0,0,0,0,01 
625 625 49 -25 
[3,1,0,0,01 
21 -27 
[2,0,1,0,01 
4 4 
[1,2,0,0,01 
5 -3 
[1,0,0,~,01 
1 -1 
[0,1,1,0,01 
0 0 
[0,0,0,0,~1 
0 0 
[6,0,0,0,0,01 
7776 7176 
[4,1,0,0,0,01 
256 -256 
t3,0,1,0,0,01 
27 27 
[2,2,0,0,0,01 
24 -8 
[2,0,0,~,0,01 
4 -4 
[1,1,1,0,0,01 
1 -1 
[~,0,0,0,1,01 
1 1 
[0,3,0,0,0,01 
0 0 
[0,1,0,1,0,01 
0 0 
[0,0,2,0,0,@1 
0 0 
[0,0,0,0,0,11 
0 0 
[7,0,0,0,0,0,01 
117649 117649 
r~,~,o,o,o,o,ol 
3125 -3125 
[4,0,1,0,0,0,01 
256 256 
~3,2,0,0,0,0,01 
189 -27 
[3,0,0,1,0,0,01 
27 -27 
r2,1,~,0,0,0,01 
8 -8 
r2,0,0,0,~,0,01 
4 4 
r~,1,0,1,0,0,01 
3 3 
r1,0,2,0,0,0,01 
7 7 
[1,0,0,0,0,~,01 
1 -1 
[0,2,~,0,0,0,fJ1 
0 0 
[0,1,0,0,1,0,01 
0 0 
r0,0,~,1,0,0,01 
0 0 
[0,0,0,0,0,0,11 
0 0 
[~,0,0,0,0,‘3,0,01 
2097152 2097152 
[6,1,O,O,O,‘J,O,Ol 
46656 -46656 
[~,0,1,0,0,0,0,01 
3125 3125 
[4,2,0,0,0,0,0,01 
2048 0 
[4,0,0,~,0,0,0,01 13,3,0,0,0,0,0,0,01 
256 -256 2187 -243 
[3,1,~,0,0,0,0,01 
81 -81 
[3,0,0,0,~,0~0,01 ~3,0,2,0,0,0,0,0,01 
27 27 243 243 
12,3,0,0,0,0,0,01 
256 -64 
[2,1,0,1,0,0,0,01 
16 16 
[2,0,2,0,0,0,0,01 
32 32 
[2,0,0,0,0,1,0,01 
4 -4 
~1,2,1,0,0,0,0,01 
5 -3 
[1,~,0,0,~,0,0,01 
1 -1 
[1,0,1,1,0,0,0,01 
1 -1 
r~,0,0,0,0,0,1,01 
1 1 
[0,4,0,0,0,0,0,01 
0 0 
[0,2,0,~,0,0,0,01 
0 0 
[0,~,2,0,0,0,0,01 
0 0 
10,~,0,0,0,1,0,01 
0 0 
[o,o,l,o,l,o,o,ol 
0 0 
[0,0,0,2,0,0,0,01 
0 0 
[0,0,0,0,0,0,0,11 
0 0 
[9,0,0,0,0,0,0,0,01 
43046721 43046721 
[7,~,0,0,0,0,0,0,01 
823543 -823543 
[6,0,1,0,0,0,0,0,01 
46656 46656 
[5,2,0,0,0,0,0,0,01 
28125 3125 
[5,0,0,1,0,0,0,0,01 
3125 -3125 
[4,1,1,0,0,0,0,0,01 
1024 -1024 
[4,0,0,0,1,0,0,0,01 
256 256 
t3,1,0,1,0,0,0,0,01 
135 135 
[3,0,0,0,0,1,0,0,01 
27 -27 
[2,2,1,0,0,0,0,0,01 
48 -16 
[2,1,0,0,1,0,0,0,01 
8 -8 
[2,0,~,~,0,0,0,0,01 
8 -8 
[2,0,0,0,0,0,1,0,01 
4 4 
[~,4,0,0,0,0,0,0,01 
729 -343 
[1,2,0,1,0,0,0,0,01 
25 15 
[~,1,2,0,0,0,0,0,01 
7 -7 
[~,~,0,0,0,1,0,0,01 
3 -1 
[1,0,1,0,1,0,0,0,01 
1 1 
[1,0,0,2,0,0,0,0,01 
9 -7 
[~,0,0,0,0,0,0,1,01 
1 -1 
10,3,~,0,0,0,0,0,01 
0 0 
[0,2,0,0,1,0,0,0,01 
0 0 
~0,1,1,~,0,0,0,0,01 
0 0 
[o,l,o,o,o,o,l,o,ol 
0 0 
~0,0,3,0,0,0,0,0,01 
0 0 
[0,0,1,0,0,1,0,0,01 
0 0 
[0,0,0,~,1,0,0,0,01 
0 0 
[0,0,0,0,0,0,0,0,11 
0 0 
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(4.1) 
where n = C kakl 9. 
Table 2 has been made using the computer algebra system Darwin [2] for the 
manipulation of species and their associated series. It gives the first few terms of 
the cycle index series 2, and the asymmetry index series rA of the species A = 
X. E(A) of rooted trees. These two series may be used to compute 2, and r, for 
the species d of trees by making use of (2.17). The following format is used: 
(4.2) 
where a, and G, respectively denote the coefficient of x~‘x~ ... x:/o ? in ZA and 
r, for each n = C kak 5 9. 
Of course, these two tables could be easily extended to much higher values of n. 
In fact, due to the nonrecursive nature of formulas (2.2), (2.8), (2.16), (2.18)-(2.20), 
and (2.29), each individual entry in the (extended) tables can be efficiently com- 
puted, independently of the others, for quite big values of n. For example, n = 186 
with (T = [6, 1,12,0,0,0,4,3,2,0,0,6] gives after a few seconds, using Maple on a per- 
sonal computer: 
x, = 97.89276140, yO= 98.03717179, z,=85.15562971, (4.3) 
a,=903487307053002922166692341949229626469929451520, (4.4) 
,,=-185081186451814816820544746068841661821091840. (4.5) 
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